Jlexuusda 6.

CKpbITbIe MAPKOBCKHE MOJEJIHN



CkpbITble mapkoBckune mogenu (CMM), cneundmkaumnsa koTopbix Obina
onybnvkoBaHa eLle B KoHue 60-x rogos, B nocnegHee Bpems ctanm o4eHb
nonynsipHbl. Bo-nepBbix, MaTematunyeckasa ctpyktypa CMM oueHb 6oraTa u
No3BOMSET pelwaTtb MaTeMaTmyeckne Nnpobnembl pasnuyHbIX obnacTen Hayku.
Bo-BTOpbIX, r(PAMOTHO CNPOEKTUPOBAHHAA MoAerb AaeT Ha NpakTUKe xopoLume
pe3ynbTaTtbl paboTbl. B 3ToM pykoBOACTBE Mbl PACCMOTPUM CKPbITble
MapKOBCKME MOAENN U UX NPUMEHEHME B OTAESNbHbIX acnekTax pacno3HaBaHns
peumn.



BBenenue

Mpouncxogsawme aBneHmMs MOXHO OnucbiBaTb Kak curHanbl. CurHanbsl MoryT
ObITb AUCKPETHBIMU, KaK MUCbMEHHAs peyb, UM HENPEPLIBHBIMMU, KaK
oHOorpamma mnu kapgmorpamma. CurHanbl ¢ NOCTOSAHHBIMU CTAaTUCTUYECKUMMU
CBOMCTBaMM Ha3bIBaKOTCA CTabWNbHbIMK (CTaLMOHapPHbBIMK), a C
MEHSIOLLNMUNCS — HeCTabunbHbIMK (HecTaumoHapHbiMmK). CurHan MmoxeT 6bITb
YNCTbIM, @ MOXET N UCKAKEHHBIM, C MOMEXaMu UITM NOCTOPOHHUMW CUTHaNaMMm.

[1ns onncaHnsa curHanoB YacTo HY)XHbl MaTemaTuyeckue moaenu. B mogenu
CUrHana Ha OCHOBE ero xapakTepucTuK MOXeT ObiTb NpegycMoTpeH
onpeneneHHbln MexaHn3m ob6paboTkK, KOTOPbLIVA NO3BONSET NONYYUTb
Xenaembli BbIXod Npu aHanuse curHana. Hanpumep, ecnu Hago obnaropogmTb
CUrHar, UCKaXKeHHbIV 1 3ayMNEHHbIA Npy nepegayve, Mbl MOXEM
CMOENNPOBATL €ro M paccMoTpeTb 3Ty MOAESb OTBIIEYEHHO OT UCKAXKEHWUIA U
LymMoB B curHane. Mogenv no3BonsitoT Takke reHepupoBaThb U UccrenoBaTthb
curHan 6e3 ero nctovHuka. B atom cnyyae, mes nog pykow XOpoLUyo MoAerb,
Mbl MOXXEM MMUTUPOBATb CUrHAM U M3y4nTb €ro Nno 3ToN UMUTaLUN.



Mopgenun o4eHb ycnewHo NPUMEHSATCA Ha NpakTuke, NO3BOSIAS co3daBaTb

3 eKTMBHbIE paboyme CUCTEMBbI: CUCTEMbI MPOrHO3a, pacno3HaBaHus,
naeHtTndmkaumn. Npybo Bce MOAENN MOXHO Pa3genuTb Ha
AeTEePMUHUCTMYECKME U CTaTUCTUYECKMEe. [leTepMUHNCTUYECKME NCNONb3YIOTCS,
€CNK M3BECTHbl (PyHOAMEHTalbHbIE XapakTEPUCTUKN CUrHana: Yto curHan —
3TO CMHycouaanbHasa BOSIHA UK, HanpuMep, CyMMa 3KCMNoHEHT. B Takom
cnyyae gOCTaTOYHO NPOCTO onucaTb NoA0OHY MOAeNb curHana — Ans 3Toro
HY>KHO BCEro nvib nogodpath (BbIMMCNUTL) NapameTpbl 3TOM MOAEeNW: Ansd
CUHYycouaarnbHOM BOSTHbl — 3TO aMnnMTyaa, YactoTta, pasa. Bropown knacc —
3TO CTaTUCTUYECKNe MoAEeNn, KOTopble, B COOTBETCTBUN CO CBOMM Ha3BaHUEM,
6a3npytoTCs Ha CTAaTUCTUYECKNX XapaKTEPUCTMKAX curHana. tm Mogenu
onucbiBatoT MayccoBbl, MyaCCOHOBCKME, MApPKOBCKME NPOLECCHI, a Takke
nogobHble MM npouecchl. B obliem, ctTaTucTMyeckme Mogenu onucbiBatoT
CUrHan Kak onpegenéHHbli criydarHbli npouecc, napaMmeTpbl KOTOPOro MoryT
ObITb KAYECTBEHHO OMNpeaeneHbi.



B obnactn pacnosHaBaHusi peun ucnonb3yrTca oba Tuna mogenen, Ho B 3ToM
PYKOBOACTBE Mbl 06CYAMM TONbKO OA4HY, CTaTUCTUYECKYO MOAENb, @ UMEHHO —
CKPbITY0 MapkoBckyto mogerns (CMM).

Teopus CKpbITbIX MAapKOBCKUX MoAenen He HoBa. E€ ocHoBbl onybnnkoBan
Baym u ero konnern B koHue 60-x — Havane 70-x rogos. Torga e, B Havyane
70-x, benkep n [xenunHek ¢ konneramu n3 IBM npumernnun CMM B
pacrno3HaBaHuUM peyun.

Tem He MeHee, wunpokoe pacnpoctpaHeHne CMM nonyynnm coBcem He4aBHO:

* OCHOBbI TEOPUN CKPbITBIX MAPKOBCKUX MoAenen 6uinmn onybnmMkoBaHbl B
XypHanax ansa matemMaTUKOB, He OYeHb NOMYNSAPHbLIX CPean MHXEHEPOB,
3aHUMAalOLNXCA pacrno3HaBaHNEM peYu;

» onybnukoBaHHasa Teopusi He coaepkana CoOTBETCTBYIOLLMX 0ByYatoLwLmx
MaTepuanoB, KOTopble 6bl 00 bACHMNN BO3MOXHOCTM U CNOCOObI
npumeHeHnss CMM B pasnnyHbIX NpuknagHblix obnacTax.

B pe3ynbTaTe HeCKONbKO BbilLeALWNX NoAPOOHbIX 0byyatoLwmx maTepmarnos o
CKPbITbIX MApPKOBCKUX MOAENSAX NUHULIMMPOBAanu UCCneaoBaHns No nx
NPUMEHEHMIO B 06MacTu pacrno3HaBaHUs peyln..



MapkoBckue npouecchl

PaCCMOTpI/IM cucremy, KOTOpyr B noborn MOMEHT BpeMEHUN MOXHO ONnnucaTb

oaHUM 13 N cocToAHUN, S1, 52, .+ . SN, (puc. 1), roe ons npoctotbl N = 5.

Uepes onpeaeneHHbIn NPOMEXYTOK BPEMEHU CUCTEMA MOXET U3MEHUTL CBOE
COCTOSIHWE UNN OCTaTbCs B NPEXHEM COCTOSIHMM COFMacHO BEPOSITHOCTSAM,
yKasaHHbIM N5l AaHHbIX COCTOSIHUIA. MOMEHTbI BpeMeHW, Korga Mbl

PErMcTpmMpyem cocTosiHne cUcTeMbl, 0603HaYNM Kak t=1,2,... acocrosHme
B MOMEHT BpemeHu t 0603Haumm q,. lMonHoe onvcaHne paCCMOTpeHHOI7I BblLLE

CUCTEMbI JOIMKHO coaepXaTb TeKyLLlee COCTOsIHUE (B MOMEHT BpeMeHu t) 1
nocrnenoBaTenbHOCTb BCeX NPeAblAyLLMX COCTOSIHUIA, Yepes KOTopble NnpoLuna
cucTtema.



B otaenbHbIX cny4yadax onmcaHme cuctemMbl CBOAUTCA K YKa3aHUIO TEKYLLLEro n
npeabliaywiero COCTodaHudA, To eCTb

Plg = Silgi—1 = Si, gt—2 = S, .. .] = Plg = Si|qi—1 = Si (1)

Kpome Toro, Mbl Takxke nonaraem 4To nNpoLecchl, NpoTekarLmne B cucteMe, He
3aBUCHT OT BPEMEHU, O YEM HaM roBOpUT npaBas YacTb popmynbl (1). Takum
obpa3oM, cUCTEMY MOXHO onMcaTb MHOXECTBOM BEPOSTHOCTEN a; B BnOe

a; =Plg = Silgg1 = 8], 1<i,j<N (2

rae a; — 37O BEPOATHOCTL NEepexoaa M3 COCTOAHMS S; B cocTosiHUE Sj B

AAHHbIN MOMEHT BpeMeHW. [MOCKONbKY 3TN BEPOATHOCTU XapaKTepusyroT
CNyYanHbIN NPoLEeCcC, OHM NMEIDT 0OblYHbIE CBOMCTBA, TO €CTb

E@jED (3—1)

N
Yai=1 (3-2)
j=1



OnucaHHbIN BbILE CryYariHbi NPOLLECC MOXHO Ha3BaTb OTKPbLITOM MapKOBCKOW
MOZENbI0, NOCKOMNbLKY BbIXOAHOW CUrHaNn Moaeny — 310 nocnegoBaTenbHOCTb

COCTOSIHUI, PErMcTpupyemMbix BO BpeMeHn. Kaxxaoe CoCTosiHMe COOTBETCTBYET

onpegenéHHomy (Habnogaemomy) cobbITuo.



[ns Toro, 4Tobbl Nyylle NOHATL BCE BbilLeckadaHHOe, pacCMOTPUM MPOCTYHO
MapKOBCKYt0 MOZAENb MNOroAbl, Y KOTOpoi ByaeT BCEro Tpy COCTOSIHUS.
MpegnonaraeTcs, YTO Mbl OAMH pa3 B AeHb (Hanpumep, B NonAeHb) CMOTPUM B
OKHO U PEerncTpupyem B XXypHarne Tekylllee cocTosiHue norofpbl. Mbi
YCNOBWIINCb, YTO NNLLb OAHO U3 TPEX HMKEHA3BaHHbLIX COCTOSIHWUIA B A€Hb t Mbl
3anucbiBaeM B XXypHarn:

* CoctosiHme Ne 1: goxab (Mnu cHer)
» CoctosiHne Ne 2: nacmypHo
» CoctosiHme Ne 3: AcHo

ManVILl,a BepOFITHOCTeVI n3MeHeHUA norogbl A nmeet BUA
04 03 0.3

A={a;} =102 06 02
01 0.1 038



Ucxo0ds n3 Toro, 4To norogaa B nepebin AeHb (f = 1) acHas (cocTosiHue 3), Mbl
MOXeM 3aaaTb cebe BOnpoc: KakoBa BEPOATHOCTb (COrnacHoO Hallen Moaenm),
4yTO crieayowime 7 aHen byaeT UMEHHO «SICHO — SICHO — A0XAb — A0XOb —
SICHO — NacMypHO — siCHO»? TOYHee ckasaTb, ANa JaHHOM
nocnegoBaTenbHOCTU cocTossHun O, rae

0= {53_153_-53.-51;51;53!52!53} COOTBeTCTByeTf =1,2,...,8 ,» Mbl

XOTMM Ha OCHOBE [aHHOW MOAenu onpeaeniTb BEPOSATHOCTb HabnoaeHUs
nocneposaTensHocTn O.



OTa BEPOATHOCTb MOXET ObITb BblpaXkeHa (M Bbl4MCNEHA) crieayrowmm obpasom
P(O | Model) = P[S;,S5,S5,S,S4,S3,S,,S5 | Model] =

P[Sy] - P[53]53] - P[Ss| 53] - P[S1]Ss] - P[S1|Su] - P[S3]S1] - P[S5|Sa] - P[S3] S5 =
Ty » @33+ A3z * Q31 A1 * Q13 ~ A3p * Aa3 =
1-(0.8)(0.8)(0.1)(0.4)(0.3)(0.1)(0.2) = 1,536 x 10,

roe

TTag:P[Q']_:Si], IEEEN (4),

9TO BEPOATHOCTb TOlo, YTO Ha4YaJibHOe COCTOAHNE CUCTEMDbI 6y/:1eT Si'



EcTb n gpyron nHTEpeCHbI BONPOC, OTBET HA KOTOPLIM HAaM AacT aTa MoAenb:
KakoBa BEPOATHOCTb TOr0, YTO MOAESb COXPaHUT CBOE COCTOSHME B TEYEHME
POBHO d AHEN? JTa BEPOSATHOCTb MOXET ObITb BbIYMCIIEHA KaK BEPOATHOCTb
HabnogeHns crneaytoLen nocnenoBaTenbHOCTU

S, S Sy ..., S, S8 #£5

O=11 2 3 d d+1

AaeT Mofernb, B KOTOpOoK

P(O|Model, g = S;) = (ai)* (1 — ag) = pi(d).  (5)




BenuunHa p(d) — 370 BepOSAITHOCTb TOrO, YTO cucTema byaeT HaxoauTbCs B

COCTOSIHUK | poBHO d pa3 noapsid. COOTBETCTBEHHO CTb (PYHKLMS
pacnpegeneHns BepoOTHOCTU ANsi TPOAOIKUTENBHOCTU NPebbIBaHUSI CUCTEMbI
B OAHOM COCTOSIHUM, KOTOpasi ABNSIETCS XapaKTePUCTUKOW COXPaHEHUSs
COCTOSAHUSA A1 MapKOBCKOM Lenu. 3Has BENMYMHbI P(d) Mbl MOXEM BbIYNCANTD

cpegHee BpeMsi, B TeYEHNEe KOTOPOro CMcTeMa COXpaHUT CBOE COCTOSHUE
(ncnonbayem opMyny MaTeMaTUYECKOro OXUOaHUS):

t‘fg=Zd-pi{dj (6—1)

> 1
vl'i 1 " i
=Zdr1“ (l—a“)—l— (6 —2)
d=1 — Oy
1
— 5
OxwugaeTcst, YTO conHeyHas noroga ckopee Bcero npoctout 0.2 aHen,

nacmypHas — 2,5 Hs, a BOT 4OXASIMBaga noroga, CornacHo Hallen mogenm,
BeposiTHee Bcero npoaepxutcs 1,67 aHs.



Hepexon K CKPBITHBIM MAPKOBCKHUM MOI€CJIAAM

B BblweonvcaHHOW MapKOBCKOW MOAESNN KaXaoMy PU3n4ecKoMy SBNEHUIO
COOTBETCTBOBArO onpeAerneHHoe COCTos i HME Modenun. Ata Moaersb, K
coXareHuio, CIIMLLKOM OrpaHnYyeHa 1 en He nog cury pelueHne MHOrmx
akTyanbHbIX Npobnem. B aTom pasgene mMbl pacCMOTPUM MapKOBCKME MOAENMN,
B KOTOPbIX Habngaemas nocnegoBaTenbHOCTb — 3TO pe3ynbTaT NepexoioB B
COOTBETCTBUMN C 0603HAYEHHBIMU BEPOATHOCTSAMKU. B gaHHOM crnyyae mogenb
(CKpbITas MapKoBCKas MOAerb) — 3TO pe3ynbTaTt ABYX CyvanHbIX MPOLECCOB.
MepBbIi — CKPbITbIA NPOLLECC — €ro HUKaK HENb3S 3aperncTpmpoBaTh, HO €ro
MOXHO OXapakTepun3oBaTb C NMOMOLLbIO APYroro criydanHoro npotecca,
KOTOpbIN NpegocTaBnaeT Ham Habop curHanos — Habnogaemyro
nocrnegosaTersibHOCTb. [1pounniCcTpupyem aTo onncaHue Ha npuMmepe
nogdpacbiBaHNA MOHETbI.



lMpumep nodbpackieaemoli MOHemMbl. [1IeNCTBYEM MO CreayloLeMy CLEHapPUIO.
Bbl HaxoauTecb B KOMHaTe, a 3a Neperopogkon — B Apyron KomHaTe —
HaxoguTcs YenoBek, KoTopbl nogdpackiBaeT MOHETY. OH He roBOpUT, Kak
MMEHHO OH noabpackiBaeT MOHETY, a MOXET OH eé BooOLLe NeHnTCS
noabpacbiBatb. OH N1Lb FOBOPUT BaM pe3ynbTaT KaKAoro nageHns MOHeTbI:
open unu pewka. B aTom 1 3aknio4aeTca CyTb CKpbITOro npouecca (Bbl He
3HaeTe YTO NPOUCXOANUT C MOHETON), Korga O Npouecce Bbl MOXETe CyauTb
nwb nNo Habnogaemon nocneaoBaTenbHOCTU

O0=0,005... 00 =HHTTTHTTH...H tneH—aro

open, al — a10 peuuka.

Kak >xe NoCTpouTb CKPbITY0 MapKOBCKYIO MOAErb, COOTBETCTBYIOLLYIO 3TOM
cuTyauun? MNepBbit BONPOC: CKOMbKO COCTOSAHWUIA ByaeT y Mogenn n 4to
O3HavaeT Kaxgoe CoCTosiHue Takon moaenn? Npeanonoxmm, Y4To Mbl
nogbpacbiBaeM OAHY €AMHCTBEHHYKO MOHETY U ApYrnx y Hac HeT. Toraa BblGop
Mbl OCTAHOBMM Ha MOAEINN C ABYMSI COCTOSAHUSIMM, r4e OOHO COCTOSIHNE
O3Ha4vaeT BbiNageHve opna, Apyroe — pPeLLKu.
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Puc. 2. Tpn npuMepHbIX
MapKOBCKMX MOAESNUN, KOTOpble

-|[MOryT onucarb 3KCNepUMEeHT co

CKpbITO NoabpacbiBaeMon MOHETON.
(a) 1 moHeTa yyacTByeT B
nogdpacsaHuu, (2) 2 — MOHETHI,
(3) — Tp¥ MOHETHI.



http://ru.wikibooks.org/wiki/%D0%A4%D0%B0%D0%B9%D0%BB:Three_possible_Markov_models.gif

OTa moaenb n3obpaxeHa Ha pucyHke 2(a). B aTom cnydae mapkoBckast Mogenb
ABNSAETCA OMKPbIMOU N €ANHCTBEHHOE, YTO Mbl MOXEM caenaTb C 3TON
MOJESNbI — 3TO ONTUMU3NPOBATb BEPOATHOCTL CMEHbI COCTOsIHUA. CriegyeT
3aMeTUTb, YTO CKpbITasi MapKOBCKasi MOAENb, ABMSAOLLAACS aHanorom Mogenu,
n3obpaxxeHHon Ha puc. 2(a), byaeT npeacTaBnaTb cobon Moaenb 0gHOro
cocTosiHMA. B aTo mogenu eguHCTBEHHOE COCTOSIHME O3HAYaeT, YTo
nogbpackiBaeTcs BCEro NMvLlb 0gHA MOHETA.

Ha cnepytowem pucyHke 2(6) nsobpaxeHa CMM aByx coctosiHuin. B atom
Cryvyae Kaxkgoe COCTOAHME COOTBETCTBYET Pa3fiMyHbIM MOHETaM, KOTopble
noabpackiBaoTCA B Xo4e aKcnepumeHTa (Hanp. 1 konervka u 5 pybnen).
Ka)kgoMy COCTOSIHMIO COOTBETCTBYET pacripedesieHue 8eposimHocmel Mexay
BblMageHNeM opria 1 peLLKkun, a Takke mampuuel geeposmHocmel rnepexo0os
(MaTpuuen nepexonoB), ykasbiBaloLLEN BEPOATHOCTb Nepexoda U3 OgHOro
cocTosiHuA B Agpyroe. Nepexon n3 cCoOCTOsIHMSA B COCTOSIHNE COMfacHO 3afaHHbIM
BEPOATHOCTAM U3 Mampuubl nepexo008 MOXET OCYLLIECTBMNSETCH Ha OCHOBE
TOro e nogbpacbiBaHUA MOHETbI UM Ha OCHOBE NBOro Apyroro cry4yanHoro
cobbITUS.



Ha TpeTbem pucyHke 2(B) npeacTtaBneHa Mogenb, yumTbiBarowas ToT akT, 4To
nogdpackiBaloTCA TPU PasnnYHbIX MOHETLI, MpUYeM BblGOp Mexay HUMK
OCYLLIECTBNAETCA OMNSATb e Ha OCHOBE KaKoro-rnmbo cny4amHoro cobbITus.

34ecb, Kak 1 Kaxabli pa3 npu NPOeKTMPOBaHUN Mbl 3a4aeMcsi BONMPOCOM: Kakasi
N3 Tpex mogenen Hamny4ywmnm obpasomM NoAXoaUT ANst ONUCaHUSA
HabnogaeMmon nocrnegoBaTenbHOCTU? XOpOoLO BUAHO, YTO NepBasd Moaerb
(pnc. 2(a)) umeeT BCero nuwb 1 HEM3BECTHbIM NapameTp. Moaens Ans AByX
MOHeT (puc. 2(0)) umeeT 4 HensBeCTHbIX NapameTpa. Y HakoHeu, moaens Ang
Tpex MoHeT (puc. 3(B)) nmeeT 9 HEN3BECTHbLIX NapamMeTpoB. Takum o6pasom,
CMM c 60nblwnM KONMYeCTBOM cTeneHen cBoboabl Mo cywecTBy bonee
paboTocnocobHa, Yem ee MeHbLUMEe aHanorn. Takke TeopeTUYEeCKN AOKa3aHo
(M 3TO Mbl yBMANM Aaree), YTO B COBPEMEHHbIX YCNOBUSX CYLLECTBYIOT
orpaHu4eHus Ha pasmep moaenen. bonee Toro, MoXeT oka3aTbCs, YTO B
crny4ae, Korga YenoBek 3a CTeHon nogbpackiBaeT OAHY €OUHCTBEHHYIO MOHETY,
Mbl BblOepeM mMoferb Tpex COCTOsIHMI. B Takom crniyvae BbIACHAETCS, YTO
COCTOSIHMS! CUCTEMbI HE COOTBETCTBYIOT pearibHbIM COCTOSIHUSIM 3a CTEHOW; U,
cnegoBaTtenbHO, Mbl UCNOSb3yeM U30bITOYHYIO MOLENb.



lMpumep wapukoes 8 sasax. Cenyac mbl gonoriHum CMM HoBbIMMK
CTPYKTYPHbIMM 3fIEMEHTaMu, Ans Toro 4Tobbl OHa Morna peLaTb psg 6onee
CNOXHbIX 3aga4. [NloMoXeT HaMm B 3TOM NpuMep C Lapukamu B Basax (puc. 3).

o —
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Puc. 3. Mogenb ¢ N cocTosiHusMu (Bazamm) 1 LLapukamu, LiBeTa KOTOpbIX
ob603Ha4valoT anemMeHTbl HabngaeMon nocnegoBaTelbHOCTU.


http://ru.wikibooks.org/wiki/%D0%A4%D0%B0%D0%B9%D0%BB:Urn_and_ball_model.gif

[onycTtum, y Hac ecTb N CTEKNSAHHbLIX NPo3payHbIX Ba3. B kaxxgon Base —
GonbLUOe YMCO LWapUKOB pas3Horo ueTa. [lonaraem, 4To y Hac B KOp3nHe
nexar wapukn M pasnnyHbixX LBeToB. PU3MYECKN 3TO MOXKHO NpeaCcTaBUTb
cneayowmnm obpasomM. Yenosek HaxXo4MTCsl B KOMHaTe ¢ Bazamn. Kaknm-nnbo
cnyyanHbiM o6pa3om OH BbibmpaeT nodyto Bady, 3aCOBbIBAET PyKy nornyoxe, un
BblTackmBaeT wwap. LiBeT wapa 3anucbiBaeTcs B XKypHarn nokasaHum —
Habnogaemyto nocrnegoBaTeNibHOCTb, U YeoBEK KrageT wap obpaTHO B 3Ty
Ba3y. [loToM Haw YenoBek BblIOMpaeT HOBYIO KOP3WHY, NOET K HEW, U
BblTaCKMBaeT OTTyAa HOBbIN Wap, 1 Tak ganee. B pesynbTaTe Mbl nosiyyaem
nocrnegoBaTesnibHOCTb LBETOB — pe3ynbtat pabotel CMM — Habntogaemyto
nocrnefoBaTesibHOCTb.

OueBunaHO, YTO NpMMep LAapUKOB B Ba3dax COOTBETCTBYET CKPbITOM MapKOBCKOW
MOAENMU, rae Kaxaoe CoCTosiHME MoLenn — 3T0 BblOpaHHasa Basa, Npu4eMm y
pasfiMyHbIX Ba3 pasnnyHasi BEPOSTHOCTb BbiTALWMUTb LWAPUK KpaCHOro (Mnu
ApYroro) uBeTa, YTO COOTBETCTBYET pasfnM4yHOMY pacnpeaeneHunto
BEPOATHOCTEN ANSA KaXKAoro coctosHus. To, kakas Basa 6yaeT BblbpaHa
cnenyoLlen, 3aBucuT ot maTtpuubl nepexogos CMM, To ecTb 3aBUCUT U OT
TOro, y Kakon Basbl Mbl cenyac Haxo4MMCH.



JJIeMeHThI CKPBITOI MapKOBCKON MO/IeJIH

MpuBeaeHHbIe Bhie NpMMepbl A4atoT Henroxoe npeacrasneHme o CMM, n o
BO3MOXHbIX cdpepax ux npumeHeHus. Cenyac mMbl gagum oopmarnbHoe
onpegenenue anemeHtam CMM n o6bsicHMM, Kak MOAEnNb reHepupyeT
Habnogaemyto nocnegosatensHocTb. CMM onpeaensieTcsa cregyrowmmm
anemMeHTamu:

1. N — obLiee Konn4yecTtBo cocmosHUU B Mogenn. HecMmoTpst Ha To 4TO
cocTtosiHusa B CMM aBnsAOTCS CKPbITbIMU, BO MHOTUX ClyvasXx eCTb
COOTBETCTBME MEXAY COCTOSSHUEM MOAENN N pearnbHbIM COCTOSIHNEM
npouecca. B npumepe ¢ nogbpacbiBaHNEM MOHETbI Kakgoe COCTOSIHME
COOTBETCTBOBANO BbIOpaHHOM MOHETe, a B NPUMEpPE C LuapukamMu B Ba3ax
COCTOSIHME Moenu COOTBETCTBOBAIO BbiOpaHHOM Ba3e. B obuwem, nepexoa B
noboe BbIOpaHHOE COCTOSIHME BO3MOXEH M3 NOOOro COCTOAHUS BCEN CUCTEMBbI
(B TOM uncne n camo B cebs); C Apyron CTOPOHbI, Y 3TO Mbl YBUOUM
BMOCNeaCTBUK, NULLIb OnpeaerieHHble NyTU NepexoaoB NpeacTaBnsaoT MHTepec
B K&XKAOW KOHKpeTHOM Moaenun. Mbl 0603Haunm COBOKYMNHOCTb COCTOSIHWIA

1521-

g—[9 .
MOZAENN MHOXECTBOM * {** 1 s N } , @ TeKyLiee COCTOsiHME B

MOMEHT BPEMEHMU t KakK q.



2. M, konn4yecTBO BO3MOXHbIX CUMB0/108 B HAabnogaemMmomn
nocnegoBaTenbHOCTU, pa3mep asighasuma Habrrodadaemou
rnocnedosamenibHocmu. B cnyvae ¢ nogbpacbiBaHMEM MOHETbI — 3TO 2
CMMBOMA: Open 1 peLlka; B cny4ae C lapukaMmm — 3TO KONMYEeCTBO LIBETOB
9TUX CaMbiX LWAPUKOB. Arighasum Habrirodaemol rnocredosamesisHocmu Mbl

.-'F [ 1. 1 '
0603HauYnm |<a|<Tr - {113125---,151} _

3. MaTtpuua BeposaTHOCTEN nepexonoB (Mnv maTpuua nepexonoB) A= {a'ii} ,
roe

aij = P [gi41 = Sjlg = Si] 1<4,j <N, (7)

TO €CTb 3TO BEPOATHOCTb TOT0, YTO CUCTEMA, HAXOAALLASCS B COCTOSIHUN S,
nepengeT B COCTOAHUE Sj. Ecnun gna nobbix BYX COCTOSAHUI B MOAENU
BO3MOXEH Nepexof U3 OAAHOTO COCTOsHME B AAPYroe, TO a; > 0 gns nobbix iyj. B
octanbHbiXx CMM ansa HeKOTOpLIX /,j Y HAaC BEPOATHOCTb nepexona a; = 0.



4. PacnpegeneHne BepOSATHOCTEN NOSIBIIEHNS CUMBOJSIOB B j-TOM COCTOSAHWM,
B ={b;(k)} ne
bi(k)=Plulee=S;] 1=j=>N, 1>k>M. (8

bj(k) — BEPOATHOCTb TOro, YTO B MOMEHT BpeMeHHU t, cuctema, HaxoasaLascs B
j-OM COCTOSIHUM (COCTOSIHME Sj), BblAACT K-TbI CMMBOI (CUMBON V, ) B
HabngaemMylo NocneaoBaTenbHOCTb.

5. PacnpegeneHne BeposiTHOCTEN HaYanNbHOro COCTOSIHUA T = {Tl} , rae
7 = Plg, = 51, 1<i< N, (9)
TO €CTb BEPOATHOCTb TOrO, S; — 3TO HaYarbHOE COCTOSIHNE MOLENN.

CoBokynHoCcTb 3Ha4YeHun N,M,A,B n T — 3TO CKpbITasi MapKoBcKas MOAeNb,
KOoTopas MOXeT creHepupoBaTb Habnodaemyro nocrnedosamersibHoCMb

0=0,0,...00 (10)

(roe Ot— OAMH 13 cumBosioB andasuta V, a T — 3TO KONMYECTBO 3fIEMEHTOB
B Habntogaemon nocnegoBaTenbHOCTU.



CMM cTtpouTt Habntogaemyto nocrnegoBaTeNbHOCTb MO crieayowemy anroputmy

1. BblbvpaeM HavarnbHoe CoCTosiHWNE G = S; B COOTBETCTBUM C

pacnpegeneHnem T
2. YcraHaBnveaem t = 1.
3. Bbibupaem O, = v, B COOTBETCTBUU C pacnpeneneHmem bj(k) B

COCTOSIHWM (S)).
4. [NepeBogmm MoaesSlb B HOBOE COCTOSIHUE Qi1 = Sj B COOTBETCTBUU C
Mampuuet nepexo0os a;; C y4€TOM TeKyLLIero CoCTOAHNS S;

5. YctaHaBsnmBaem Bpems t = t + 1; Bo3Bpawaemcs k wary 3, ecnm t< T,
NHaye — 3aKaH4YMBaEM BbINOSHEHME.

Mogsogs utor, 3ameTuM, 4To rosiHoe onncaHne CMM cocTonT n3 gByx
napameTpoB mogenu (N n M), onucaHuns cumsonos Habnogaemon
nocregoBaTenbHOCTM U TPEX MacCMBOB BeposaTHOCTEN — A,B, n 1. [Ans
ynobcTBa Mbl UICNONb3yeM CReayroLyto 3anmcb

A= (AB,7)  (11)

Ans 06o3HavyeHMst 00cmamo4YHO20 ONUCaHUs napamMmeTpoB MoAesin.



Tpu ocHoBHBIX 3a1auyn CMM

CornacHo onncaHuio CKPbITOM MapKOBCKOW MOAENN, U3MOXEHHOMY B
npegblayliem pasgerne, CylwecTByeT TPU OCHOBHbIX 3afayu, KOTOpble AOSMKHbI
ObITb peLleHbl Ang Toro, 4Tobbl MoAeNb MOrfa YCneLwHo pewaTtb
NnoCTaBreHHbIE Nepea Hen 3agayun.

3apava 1

[laHo: Habntogaemas nocneaoBaTenbHOCTb O=01,0,,...01 1 moaenb A
= (A,B,1). Heobxogmmo BblumncnuTb BepoAaTHOCTb P(O | A) — BEPOSATHOCTb TOrO,
YTO AaHHas Habngaemada nocneaoBaTenbHOCTb NOCTPOEHA UMEHHO ASS
AaHHOM MOAENMN.

3apayva 2
[laHo: Habntogaemas nocneaoBaTenbHOCTb O=01,0,,...01 1 mopenb A
= (A,B,11). Heobxoanmo nogobpaTtb nocnegoBaTeNbHOCTb COCTOSIHUIM CUCTEMBI

Q=a,q, .97, KoTopasi NyuLUe BCEro COOTBETCTBYET HabMioAaeMoi
nocrnenoBaTesibHOCTU, TO eCTb «OOBACHAET» Habnogaemyto
nocrnegoBaTenbHOCTb.



3apava 3

Mopobpate napameTpbl Mmogenu A = (A,B,1T) Takum o6pasom, 4TobbI
makcummampoatb P(O | A).

3apgaya 1 — 970 3agada OLEHKM MOAEeNN, KOTopas 3aknovaeTcsa B BblYUCIIEHUN
BEPOATHOCTM TOro, YTO MOAENb COOTBETCTBYET 3aAaHHON Habnogaemom
nocnegosaTenibHOCTU. K cyTn 9TOM 3a4a4n MOXHO NOLOWTU N C APYron
CTOPOHbI: HAackonbko BblibpaHHas CMM cooTBeTCTBYET 3agaHHOM
Habngaemon nocrnegoBaTenibHOCTU. Takor noaxon nmeet 6onbLUyHo
NPaKTUYECKYI0 LIEHHOCTb. Hanpumep, ecnu y Hac CTouT Bonpoc Bbibopa
Haunyywen mogenn n3 Habopa yxe CyLeCcTBYIOLWNX, TO peLLeHne NepBom
3aJaqun gaeT HaMm OTBET Ha 39TOT BOMpPOC.



3agada 2 — 970 3agava, B KOTOPOW Mbl NbITAEMCS MOHATL, YTO XXE MPOUCXOANT
B CKPbITOM 4YacTn MOLENN, TO €CTb HANTWN «NPaBUITbHYIO» NOCNEeA0BaTENbHOCTD,
KOTOpyto npoxoauT moaenb. CoBEpLUEHHO SACHO, YTO abCOMOTHO TOYHO HENb3S
onpeaenuTb 3Ty nocrneaoBaTeNibHOCTb. 34eCb MOXHO FOBOPUTL fNLLL O
NpeanonoXeHnaX ¢ COOTBETCTBEHHOW CTENEHbLIO JOCTOBEPHOCTU. TEM He
MeHee A58 NPUBNMKEHHOro peLleHnst 3Ton Npobnembl Mbl 06bIMHO Byaem
Nofib30BaTbCA HEKOTOPbIMU ONTUMAarbHbIMUK NOKa3aTeNsAMU, KPUTEPUAMN.
[anee Mbl yBUOMM, 4YTO, K COXaneHuto, He CyLecTByeT eANHOro Kputepus
OLIEHKM ANs onpeaeneHus nocnenoBaTenbHOCTU COCTOAHUIA. [pun pelueHnn
BTOPOM 3a4a4M HEOOBXOAMMO KaXKabl pa3 NpMHUMAaTh pelleHne 0 ToOM, Kakne
nokasatenu ncnonb3oBaTtb. [laHHble, MONyYEHHbIE NPU PELLEHMM 3TOW 3adaym
NCNOnb3YyTCA AN U3y4eHUs noBefeHUst MOCTPOEHHOW MOOENN, HaXOXOeHUs
onTumanbHOW NocrneaoBaTelIbHOCTM €€ COCTOAHUN, AN CTAaTUCTUKMA U T. M.



PeweHune 3agaym 3 coctomT B ONTMMU3aL MM MOL4ENN Taknm o6pas3om, YToObI
OHa Kak MOXXHO ny4Lle onucbiBana peasbHyro Habnogaemyto
nocnegoBaTenbHOCTb. Habnogaemasn nocnegoBaTenbHOCTb, MO KOTOPOM
ontTummnaunpyetcsd CMM, npnHATO HasbiBaTb oby4vatoLLen
nocrnenoBaTeNibHOCTLH), MOCKOSbKY C MOMOLLbIO HEE Mbl «0By4Yaem» Moaerb.
3agada obyyeHns CMM — aTo BaxkHeKwas 3agadva ans 6onblnHCTBa
npoektnpyemMmbix CMM, nockonbKy OHa 3akni4aeTcsi B ONTMMmU3auum
napametpoB CMM Ha ocHoBe oby4atoLlen Habngaemom
nocrnegoBaTenibHOCTU, TO €CTb CO34aeTCst MoAenb, Hauny4dwmnm obpasom
onucbiBatoLLas pearnbHble NPOoLEecChI.



[na ny4ywero noHMMaHUsa pacCMOTPUM BCE BbilLECKA3aHHOE Ha Npumepe
CUCTEeMbI, NpeaHa3Ha4YeHHoN Ansa pacno3HaBaHusa pedn. [1nsa kaxaoro cnoea u3s
cnoaps W mbl cnpoektnpyem CMM c N coctostHusamn. Kaxxgoe cnoeo B
YaCTHOCTU Mbl MPEACTaBMM Kak NocneaoBaTenibHOCTb CrekTparibHbIX BEKTOPOB.
O6y4yeHne mbl Bygem cumTaTth 3aBEPLUEHHbBIM, KOrga MoAerb C BbICKOW
TOYHOCTbIO ByaeT BOCNPOU3BOANTL Ty CaMyro NOCeaoBaTebHOCTb
crekTparbHbIX BEKTOPOB, KOTOpasi MCNoSib3oBanach Ans oby4yeHus mogenu.
Takum obpasom kaxgasa otgenbHas CMM 6yget obyyaTbCs BOCNPOU3BOANTL
Kakoe-nnbo ogHO CnoBo, HO 0by4vaTtb 3Ty MOAENb CrieayeT Ha HECKOMbKMUX
BapuaHTax NPOM3HECEHUS1 3TOro CroBa; TO ECTb HAaNpPUMep Tpu YenoBeka
(kaXkabl NO-CBOEMY) MPOroBapmBatoT CroBo «cobakar, a 3aTeM Kaxgoe
CKa3aHHOE CITOBO KOHBEPTUPYETCH B YNOPSIAOYEHHbIV MO BpeMeHn Habop
crnekTparnbHbIX BEKTOPOB, M MoAernb 0by4aeTcsi Ha OCHOBE 3TUX Tpex Habopos.
[nsa Kaxgoro oTAEeNbHOro crioBa NPOEKTUPYOTCA COOTBETCTBYOLLIME MOLENMN.
Cnepga pelwaetcsa 3-9 3agada CMM: kaxxgast mogenb HacTpamBaeTcs Ha
«NpOu3HEeceHne» onpeneneHHoro cnoea m3 crnoeapsi W, cornacHo 3agaHHon
TOYHOCTMW.



[ns Toro 4To6bl MHTENPETUPOBATL KaX4oe COCTOSIHUE CMPOEKTUPOBAHHbLIX
MoZenen Mbl pellaem 2-yio 3agady, a 3aTeM Bblaensem Te CBONCTBA
cnekTpanbHbIX BEKTOPOB, KOTOPble MMEKT HanbonbLUnii BeC Ans
onpeneneHHoro COCTOSAHUSA. ATO MOMEHT TOHKON HACTPOMKN Mogenu. A yxe
nocrne Toro, kak Habop moaenen 6ygeT cnpoeKTUpPoBaH, ONTUMU3NPOBAH U
oby4eH, cnegyeT oueHUTb MoAesb Ha NpeaMeT ee CrnocobHOCTM pacno3HaBaTb
CnoBa B peanbHON xu13HW. 34ecb Mbl yxke pewaem 1-yto 3agady CMM. Ham
AaeTcsa TeCTOBOE CroBO, NpeAcTaBneHHoe, pasyMeeTcs, B Buae Habniogaemom
nocnenoBaTenbHOCTU CNEKTPanbHbIX BEKTOPOB. [lanee Mbl Bbl4UCNSIEM
PYHKLMIO COOTBETCTBUA 3TOrO TECTOBOIO CroBa And kaxaon mogenu. Mogens,
ANs KOTopow aTa PyHKUMa dyaeT nmeTb Hanbonbllee 3HadYeHne, dbyaeT
cuMTaTbCsl MOAENbIO Ha3BaHHOIO CroBa.

B cnepyowem pasgene mbl Jaanm 4eTkoe hopmManbHOE peLLEHNE TPEM
3agadyam CMM.



Pemenue Tpex 3apau CMM

Pemienue 1-oi 3agaun
Ham Heo6xoanMo BbIYUCIUTL BEPOATHOCTb TOMO, YTO NOCreaoBaTenbHOCTb

HabnogeHun O = Ol! O?!' Oy npuHaanexuT mogenu A, To ecTb
Bbluncnutb P(O | A) B nepByto oyepeapb B rorioBy NPUXOAUT peLleHne
noacyMTaTb BEPOSATHOCTb NOSIBNEHMS NOCNenoBaTeNbHOCTN HabnoaeHU Ans
Ka)Kgaon BO3MOXHOW nocrieqoBaTenbHOCTU COCTOSIHUIA Mogenun. PaccmoTpum
Takon cnocob Ha Nnpumepe 0AHON NocnenoBaTENbHOCTU COCTOSAHNI

Q=aq,q,. .97 (12)
rge q1 — 3TO Ha4alibHOE COCTOAHUE Moagenun.



BepodaTtHOCTb nosiBNeHnst nocnegoBatenbHOCTM HabnoaeHnn O anga
nocrnegoBaTenibHOCTU cocToAHMI (12) paBHa

T

t=1

roe Mbl nogpasymeBaeM CTaTUCTUYECKYH HE3aBUCMMOCTb HabnoaeHNA.
Otcioga nonyyaem

P(O|Q1 }‘:] = bq1|:Ol::| ) bgg{oﬂj .- 'bli‘i" {OT:] {13 — 2:]

BeposaTHOCTb, YTO B MOAENW COCTOSIHUS NponayT nocnegoBaTenbHOCTb Q
paBHa

P(QIA) = Tgy Qg1 0Qgags - - - Agr_1gr (14)

BeposiTHocTb coBmeLeHnst O 1 Q, TO eCTb BEPOSITHOCTb OLHOBPEMEHHOIO UX
NPOoSIBNEHUs, Bbipa)aeTcsa Npon3BeeHNneM

P(O,Q|\) = P(O|Q, \)P(Q,A)  (15)



BeposaTHocTb nosieneHnss O — 370 cymma BEpPOATHOCTEN coBmelleHus (15) no
BCEM BO3MOXHbIM KOMOMHALUMAM COCTOSAHUIA COCTOSIHUA G CUCTEMBI:

P(O|N) = >~ P(O|Q,NP(QIN)  (16)

allQ
= D Tabp(01)8upbp(02) . .. agr_ygrber (O1) (17)
91,92,--,9T

OB6BbACHMTBL 3TO MOXHO Tak. Crnepsa (B MOMEHT BpemeHu t = 1) Mbl BbIGnpaem
HavarnbHoe COCTOsiHWNE G, B COOTBETCTBUM C BepOFITHOCTb}O "1 n reHepupyem

cumBon O, (B 3TOM COCTOSIHIMN) C BEPOATHOCTbIO '[ lj . Janee nepexogmm K

crneayloLemMy MOMeHTY BpemMeHu t + 1(t = 2) n BeINoNHAEM nepexon B COCTO-
sIHNe q, C BEPOSATHOCTbIO a'?i'i‘ﬂ; nocne 4yero reHepupyem cumMBoI 02 C

BEPOATHOCTLIO b'?? (O2) . QTOT npoLecc NOBTOPSIETCH, NOKa Mbl HE JOCTUTHEM
BpemeHu t = T. B KOHUe Mbl NepeBefeM CMCTEMY U3 COCTOSIHUA g _ { B g7 C

BEPOATHOCTbIO Qgr_197 creHepupyem crmBosn O C BEPOSITHOCTbIO b‘i'T ':OTJ



CnepyeT oTMeTUTb, YTO nNpsiMoe BbluncneHune P(O | A) no cpopmyne (17)

AT Ny
TpebyeT npoussecty nopsiaka 271 - N* BbluMcneHuit, NockonbKy Anst KaXA0ro
spemern t = 1,2, .., T cyiiectyeT N BO3MOXHbIX COCTOSHMIA CUCTEMBI, TO

ectb N7 BO3MOXHbIX BapUaHTOB NOCHEeA0BaTENbHOCTI COCTOSIHUIA U ATS
Kakgoro BapmaHTa okoso 2T BblMMCNEHNA — ANSA KaXA0ro craraemoro CyMmbl
B popmyne (17). Onst abCONOTHOM TOYHOCTM CKAXKEM, YTO HAM HEOBXOANMO
npouseectyt (2T = 1)NT ymHoxerunit u N7 - 1 cnoxeHwii. Moao6Hble
BblYMCNEHUA HEBBIMOMHMMbI Jake Ana marnbix 3HadyeHnn Nu T; To ectb ana N
= 5 (coctoanun), T = 100 (HabnrogeHnin) KONMYECTBO BbluMCNEeHU ByaeT
nopsaka 2 - 100 - 5100 o~ 107 CoBepLUEHHO SICHO, YTO AN peLueHnst 1-on
3agaum CMM 1pebyeTca ropasno 6onee acpdektnBHbIM anroputM. K cyactbio
CYLLLECTBYIOT JaXe [Ba TakuxX anroputma 1 HasbliBatoTCS OHWU anroputm
NPsSIMOro xoa u anropuTm obpaTHoOro xoaa.



Aneopummbl npsiMoeo u obpamHoeo xo0a. Beefiem NpsiMyto nepemeHHyto o(/)
1 onpegenum ee kak

ai(i) = P(010s... O g = SilA) (18) 10 ects BEPOSATHOCTb TOrO

YTO Ans 3ag4aHHOM MoAenu A K MOMEHTY BpeMeHu t Habnoaanach

nocnegosatensHocts U102 - .. O1, u B MomeHT ¢ cuctema HaxoauTcst B
COCTOsIHUM S;. 3Ha4eHwue a (i) Mbl MOXEM HaWTU METOAOM UHAYKLMW MO

crneaywiemMy anroputmy:

1) UHnumanusauums:

ﬂfl(f-) = :'r.x-h.x-(Ol), 1 <1< N. (19)

2) Unpykums:

N

Za,,(f.)%] bi(Ow1), 1<t<T—-1. 1<j<N

i=1

ﬂff,+1(j) -




3) 3aBeplueHue:
N

P(O|)) = ; ar(i).  (21)

Ha ware 1) noacuntbiBaloTCs BEPOSATHOCT COBMELLEHUSI COCTOSIHUS Sj n
nepsoro HabnogeHns O,. HayKumMa SABNSETCA LeHTPasbHOM YacTbio

BblYMCNEHUS; €€ cxeMa nokasaHa Ha puc. 4(a). Ha aTon cxeme BUOHO, Kakum
nyTemM cMcTtemMa B MOMEHT BpeMeHu t + 1 npuxoauT B COCTOsIHME Sj n3s N

BO3MOXHbIX COCTOSIHWI NpeablayLLero MomeHTa BpemeHn. Mockonbky a (i) —

coBmMeLlleHHad BEPOATHOCTb NpoABIIeHNA HabnaeHun OIO? s Of, 7
HaxoxgeHund CMCtemMbl B COCTOAHUN Si B MOMEHT BpeMEHU t.
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